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Abstract 

Explicit relations among moduli of the Heterotic and Type IIB string theories in 8 dimensions 
are obtained. We identify the BPS states responsible for gauge enhancements in the type IIB 
theory and their dual partners in the Heterotic theory compactified with and without Wilson 
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of a elliptically fibred K3 are computed explicitly for the special cases in which the complex 
structure of the fibre is constant, ie, for constant scalar fields backgrounds. 
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1 Introduction 

Over the past couple of years non-perturbative aspects of compactifications of Type IIB theory have 
been studied first in terms of F-theory |l| compactifications and later in an explicitly stringy form 
by means of including non-perturbative {p, q) 7-brane configurations in the background. The former 
has been particularly important in the analysis of the duality with the Heterotic string. 

Compactifications of F-theory on elliptic Calabi-Yau two- folds {K3), three- folds and four- folds 
have been argued to be dual to certain compactifications of the Heterotic string to 8, 6 and 4 
dimensions. The simplest case to consider is the compactifications of F-theory to 8 dimensions on 
an elliptic K3. This theory is believed to be dual to the Heterotic string on T^. The ADE pattern 
of gauge symmetry enhancement in the Heterotic string Q is reproduced in F-theory by the 
pattern of collapsible holomorphic two spheres in K3 0. The location in the moduli space where the 
symmetries occur are provided by the zeros of the discriminant of the K3 surface. This establishes 
the duality at a geometrical level. 

The other approach that has emerged 0, ^ |TU|, [TT], |T^, |TB|, is type IIB theory compactified 



on a sphere in the presence of non-local 7-branes which extend in the uncompactified directions and 
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appear as singular points on the sphere. The presence of the ADE series of algebras arising on 7- 
branes configurations were explored in refsj^, ^, ^ 0, |11|] where it was shown how [p, g)-strings and 
string junctions stretched between the 7-branes correspond to vector bosons of the eight dimensional 
gauge theory. Other algebras organised in terms of the conjugacy classes of SL{2, Z) have been 
identified in terms of the strings and junctions connecting the 7-branes |T^, |T^]. Some connections 
among elements in the Type IIB theory and their duals in the Heterotic theory in 8 dimensions have 
appeared in the literature 1 15]. However all identifications have been at a qualitative level, in the 
sense that the masses of the gauge bosons that are supposed to become massless at specific points 
in the moduli space to generate the relevant gauge group had not been checked explicitly. We will 
compute explicitly the masses of the relevant gauge bosons in many examples in this paper. 

The masses of BPS (p, g)-strings have been computed explicitly in two cases. The first was the 
work of Sen [|| who used the results of Seiberg-Witten for = 2 supersymmetric SU{2) gauge theory 
with 4 quark flavours. He computed the masses of BPS states in the limit where the 24 7-branes 
are grouped into four groups of 8 branes yielding an SO{^Y symmetry. In |jT9| Sen introduced a 
new mass formula which showed how the masses above originated from the mass formula of open 



strings stretched between 7-branes. Later, Lerche and Stieberger suggested a generalisation of 
the formula used by Sen in terms of a contribution by the fundamental period of the implicit F- 
theory fCS. They argued that this factor would not have any effect in the rigid limit considered by 
Sen but would provide the correct normalisation in the general case. The masses of the BPS gauge 
fields responsible for the geometrical enhancement of U{1)'q SU{3)g were computed and an exact 
match with the Heterotic string mass formula was obtained. However, only one example and with 
no Wilson lines was considered. 



In this paper we use the mass formula of ref||l6[ to compute the mass of various gauge bosons 
potentially responsible for several gauge enhancements in the type IIB side. This takes the description 
of non perturbative Type IIB theory to a more quantitative level. We also compare the masses of 
the BPS gauge bosons in Type IIB with their Heterotic dual partners and find complete agreement. 
We analyse examples with both zero and non zero Wilson lines. The explicit map of the geometrical 
and Wilson lines moduli in the Heterotic theory to the moduli describing the position of the 7-branes 
in the sphere is obtained in several examples. 

We focus on the branches of moduli space where the massless scalar fields in Type IIB are 



constant. There are three such branches in the moduli space p, 22]. We refer to them as Branches 0, 



I and II. Branch exist for any constant value of the scalar fields and allow for only one symmetry 
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group, namely, SO{S)^. Branches I and II require special values for the scalar fields and allow for a 
more complex set of gauge symmetries. The moduli space of these branches have dimensions 1, 5, 
and 8, respectively. We will consider, in particular, one-parameter families of curves living in their 
multidimensional moduli spaces. Once we define a one-parameter family in one of the branches of 
Type IIB by choosing a pattern of gauge enhancement we compute the mass of the BPS gauge bosons 
responsible for the symmetries. The next step is to determine the dual family in the Heterotic theory 
that must have not only the same pattern of gauge enhancements but also the masses of the BPS 
gauge bosons must match everywhere in the moduli space (See Fig 1). This procedure is carried out 
for a number of examples and the explicit duality maps between the dual families are obtained. 

Moduli Spaces 




Families 

Figure 1: One-to-one duality map for one-parameter famihes in Type IIB and Heterotic theories. 
The gauge group, G^, enhancement pattern must agree as well as the mass of the BPS states. 

This paper is organised as follows. In section 2 we review results for the Heterotic theory com- 
pactified on T^. We also obtain an expression for masses of BPS states in the presence of general 
Wilson lines that generalises the standard holomorphic expression in terms of the Kahler structure, 
T, and complex structure, U, of the torus. This expression will play a fundamental role in estab- 
lishing the duality map in Section 4. In section 3 we review the basics of type IIB compact ificat ions 
on the sphere in the presence of 7-branes in order to establish our conventions. In section 4 we 
compute the masses of a number of BPS states in the two branches of constant r on the type IIB 
side and compare with the masses of the Heterotic theory duals obtained in Section 2. Explicit maps 
between the Heterotic and Type IIB moduli are derived. In section 5 we present our conclusions. 
In Appendix A we show how to generalise some hypergeometric relations used in the paper. And 
finally, in Appendix B we obtain the explicit relation among certain moduli in the Heterotic theory 
that are required elsewhere in the paper. 



4 



2 Heterotic String on 

Consider the Heterotic String compactified on a torus, T^, down to 8 dimensions along directions 
and x^. In this section it will not be necessary to specify which Heterotic theory we are working 
with. 

The expression for the left and right moving momenta with Wilson lines is given by 

vj^ / 2 

{Pm\Pu) = ip^ - i9ij - Bij) — \Pi + {g^j + Bij) — ] W-q) (2.1) 

where irii and are the KK momentum and winding numbers, respectively, along x^ and x^. We 
define Pi = rrii — ^Aj ■ (A^w'^) — Aj ■ Q, Q is an element of either of the lattices T^^ or 0r^ and 
q = Q + w^Ak. 

The mass spectrum is given by 

Ml = ^ + ^ + -,{N, - 1) + ^(iV« - c«) (2.2) 
1 I a' a 

where Nl, Nr are the left-, right-moving oscillator numbers, and c/j = 0, | depending on whether the 
right-moving fermions are periodic {R) or anti-periodic (NS). We must impose the level matching 
condition to obtain the physical states 

p2 o p2 o 

^ + _(A.,-l) = ^ + _(;V„-c«). (2.3) 



BPS states are given by the additional requirement that Nji = cr |Tg]. Therefore for states that are 
physical and BPS saturated we must have 

Pl-P'R = ^il-NL), (2.4) 
a 

or 

^Q^ + rriiw' = 1 - Nl. (2.5) 
(summation convention). In this case we can write for the mass formula 

Ml = Pr^q'^Pr, 

I k 

= (p,-{g,,-Bu)^)9''ip,-i9,k-B,,)^). (2.6) 
a a 

The massless states with Nl = 1 include the 8-dimensional metric, antisymmetric tensor, dilaton 

and gauge fields which are the Cartan generators of the gauge group. We also have two scalars in 
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the adjoint of the gauge group which are the Wilson hues. In the = sector we have massless 
gauge fields associated to the roots of the underlying gauge group. They must satisfy 

Pi = 

Pi = ^ \Q^ + m,w' = l. (2.7) 

The zero winding numbers sector gives the roots of the subgroup of x or 5*0(32) which is 
left unbroken by the Wilson lines. Further gauge fields will appear in the non-zero winding numbers 
sector for special values of the geometrical moduli of the torus, ie, gij and Bij. We discuss these 
cases in more detail in later sections. 

One of the goals of this paper is to use the duality between the Heterotic strings on and Type 
IIB compactified on the base space of a elliptic fibred i^3. When comparing Heterotic string states 
with the dual states in type IIB it turns out to be extremely convenient to rewrite the Heterotic 
mass formula in a holomorphic or anti-holomorphic form. To do so we introduce the parameters 

U = U^+^U2 = ^+2^ (2.8) 

999 999 

T^ = T^ + tT^ = | + ,^^ (2.9) 

where g = 9s8999 — 989 B = -^89- is the Kahler structure and U the complex structure of the 
torus. When dealing with Wilson lines it becomes very convenient to introduce a modified version 
of the Kahler structure. In the presence of Wilson lines we redefine | 

f/ = f/° 

^ ,B As • Aq Aq-AqOsq- \/q , Aq ■ An, 

T = (- l^ + _i_^)+iyil(l + _? ^) (2.10) 

2 2 2(yf99 2 (yfgg 



_ 1 A8^5'|9 + A9^(-5(89+fif) + 2Ag- A85'895'99x . ( Ag ■ Ag^isg - Ag ■ Agfiigg) ^ 

^ " 2^ ^9 ^1 ^'-''^ 

rii = rrii — Ai- Q. (2.12) 



Note that T and Z — as we turn off the Wilson lines. The mass formula, eq( |2.6| ), becomes, 

in terms of the new variables, 

Mbps = i^^K - U^9 + Tw' + (TU + Z)'u;8| (2.13) 



similar expression has been considered in compactifications of the Heterotic string on Zn orbifolds ||2^. However, 
only for the case of very specific Wilson lines. 
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Note that this expression for the mass of BPS states is vahd for any Wilson hne. This mass formula 
turns out to be a very useful way of rewriting the standard expression, eq( |2.6| ), for compactifications 
of the Heterotic string on T^, particularly when there are Wilson lines. It will play a major role in 
what follows. 



3 Type IIB on 5* 



Let us consider Type IIB theory compactified on a two-sphere, 5*^, in the presence of 24 parallel 
7-branes which appear as points on 5*^. We refer to this punctured sphere as, 5*^. The theory 
possesses different strings labelled (p, q) according to how it is charged with respect to the RR and 
NSNS antisymmetric fields. The 7-branes of the theory are also labelled {p,q), according to what 
(p, g)-string can end on it. 

In this convention the elementary string is (1, 0) and a D-string is (0, 1). Each of the 24 7-branes 
has an associated branch cut depending on its type. We follow the conventions of 0. We use 
three basic types of branes. A, B and C, whose corresponding {p,q) labels are (1,0), (1,-1) and 
(1,1) respectively. Across the corresponding cuts the labels (p, g) and U change according to the 
monodromy matrices 



A = 


(1,0): 


Ka = 


T-' = 


B = 


(1,-1) 


■ Kb = 


ST"^ = 


C = 


(1,1): 


Kc = 


T^S = 



1 -V 

1 

^0 -1 

.1 2 

'2 -1 

. 1 



(3.1) 



where 5* is the matrix 



All branes have their branch cut going upwards vertically. A-branes are represented by heavy 
dots, B-branes by empty boxes and C-branes by empty circles (see Fig. 1). 

A formula for the mass of (p, g)-strings in the background described above has been derived by 
Sen [|, |1^ and is given by 



24 

Mnsip, q)= f \v{r{z)r Ui^ ' ^^V^P + 9^(^)) dz\ . (3.3) 
■'^ i=i 
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# b o 

ABC 



Figure 2: We start with a basic configuration where we have 16 A-branes, 4 B-branes and 4 C-branes. 
All branch cuts are chosen to go upward. 



For more general backgrounds there has been a suggestion |16[ that this mass formula should be 



generalised in order to include additional F-theory data. Specifically, the authors of ref ||I6| suggested 
that the mass formula should include the fundamental period of i^'S, c^o, so that the mass formula 
becomes 

Mi'p^s = A r \{p + qT{z)MT{z)rA{zr^^dz\, (3.4) 

\UJo\ Jzi 

where 

24 



/\ = \{{z-Zi). (3.5) 

i=l 

Note that A = 4/^ + 27g'^ is the discriminant of the elliptic fibre, defined from the polynomial 
equation, W{x,y,^) = — — f{^)x — g{^) = 0, defining the elliptic K3 surface. The Zj's are the 
positions of the 24 branes on the sphere, 5^ . 
The periods of a fibred K3 are given by 

= / .wf^ ,v (3,6) 

J J, dyW{x,y,0 

3.1 Branches of constant r 

From the expression for the j-function of the elliptic fibre 



4(24/)3 
4/3 + 27(72 



Jir) - ,9^, (3.7) 
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we see that there are three branches of constant r |2^. We have constant r if = ag'^, f = 
& (? 7^ (Branch I) and / 7^ & (? = (Branch II). It is important that for each of these cases 
we can factorise the data in the periods of K3 in a part depending on the elliptic fibre from that 
depending on the base only. We summarise the results in Table 1. 



p = ag^ ^A = (4a + 27)^2 


— I-y, („3_,_c,l/2^+l)l/2 / gl/6 — -^{') I Al/12 




— I-y, („(^2+i))l/2 / fl/4, — M^) I /^1/12 


f = OLgy^O ^A = 27g^ 


- I-y, („3 + l)l/2 / gl/6 - ) / ^1/12 



Table 1: Branches of constant r. A{t) is a constant carrying information on the elliptic fibre. 



For the three branches of constant r we have an expression for the periods of K3 in terms of 
the discriminant, A, which is similar to the one we have in the numerator of the the mass formula 
for {p, g)-strings. Actually, the only subtle point in these expressions in this case are the limits of 
integration in the periods. In fact, we can write for constant r 



A{t) 



■ 12 
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In the next section we compute the masses of BPS gauge fields and study how they map under 



the Heterotic and Type IIB theories duality in the branches I and II. The branch where 
only has S'0(8)^ symmetry and we will not consider it in this paper. 



4 The Duality Map 

In this section we will consider the masses of BPS states in Type IIB theory in two branches of 
constant r, namely. Branch I and II. And then we identify the dual BPS states in the Heterotic 
string and compare their masses. This will allow us to identify explicitly the duality map for some 
moduli of the two theories. 



4.1 Branch I - r = e^'^/^ 

In Branch I, / = & g ^ Q ^ t = e^, there are only 9 degrees of freedom. The 24 branes join up 
in 12 non local pairs of branes. The two branes forming each pair can only move together. We will 
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refer to them as a dynamical unit. Each dynamical unit is formed by an AC pair. Their positions on 
Sg are related though. In fact, since the zeros of the discriminant indicate the position of the branes 
on Sg and g{C,) is a polynomial of degree 12, we have A = 27g'^ = 0. This equation has 12 degrees of 
freedom. Moding out by SL(2, C) eliminates another 3 complex degrees of freedom giving relations 
among the position of the branes on the sphere. 

These singularities can collide and yield a gauge enhancement at the points where the discriminant 
of K3 vanishes. The pattern of gauge enhancement in each of the branches of constant r in Type 
IIB has been studied in detail in ref^]. The basic gauge enhancements that appear when r = 
due to dynamical units colliding at the same point is given by 



UilY^SUiS); f/(l)3 ^ 50(8); U{1)^ ^ E,; U{lf ^ 



(4.1) 



In refH the authors qualitatively identified the gauge fields responsible for the symmetries above. 



In ref IjTTJ a systematic procedure based in string junctions was developed giving further evidence for 
the identification of these gauge fields. However no explicit check of the mass for this gauge fields and 
its relation to the heterotic duals has been obtained until recently. In (see also [2^, 21]) the masses 
of the gauge fields responsible for the enhancement of E^x E^x U{1)g x U{1)g ^ Es x Es x SU (3)g 
were computed. They were shown to be identical to the mass of the heterotic duals. 
The mass for BPS {p, g)-strings in this branch is given by 



MnB{p,q) 





/^^rfz|A(z)(-Vi2)| 


v4(e*'^/3) 


|/^„rfzA(^)(-Vi2)| 



(4.2) 



We now compute the mass of BPS gauge fields in both the Heterotic and Type IIB theories. We 
start by reviewing the results of refjlTBI. We will then turn on Wilson lines and analyse how it effects 
the mass for the BPS gauge bosons. 



a) The case with no Wilson lines: Eg x Eg x U(l)^ ^ Eg x Eg x SU(3)g 

The duality between the Heterotic string and F-theory can take two forms. Starting from the E^ x E^ 
theory we have to go through M-theory by means of a 9 — 11-fiip from the Heterotic on to Type 
lA on X /Z2 and then by T-duality to Type IIB on T'^ /Z2 which in turn is the same as the weak 
coupling limit of F-theory on 7^3. For the Spin{32)/Z2 Heterotic theory on we start by S-duality 
to Type I and them by two T-dualities to Type IIB on T"^ / Z2 and subsequently to F-theory on K?). 
The gauge fields we are considering in this sub-section are not charged under the Cartan of either 
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Eg X Eg or 5*0 (32). Therefore, it does not matter which theory we start from since the mass is the 
same for the SU{3) gauge bosons. The authors in ref||T6[ considered the Eg x Eg Heterotic string 
since in this case the Eg x Eg is obtained without any Wilson hne. 

Let us consider the Eg x Eg Heterotic string compactified on a torus down to 8 dimensions as in 
Section 1. We turn off all Wilson lines such that the moduli that specify the torus can be combined 
into two complex scalars 

U = Ui + iU2 = h 

999 999 

^ 2 2 2 

At the special point in the moduli space of the Heterotic string where we set the geometric moduli 
U = e*'^/^ the BPS mass formula for gauge fields, eq( |2.13| ), is given byQ 

2 _ \{mg-Um,)+T^iw^ + Uw')\ 



We, of course, still have to impose the level matching condition (LM), eq( |2.7| ), which for states not 
charged under the Cartan of Eg x Eg is given by 

mgw^ + mgw^ = 1. (4.4) 

If we now approach with the parameter T° the point = U we have 

B ^ .^/g ^12 , -v^ 1 , .\/3 

2 2 g22 922 2 2 

^ B=l , gu = l ^ 911 = 922 = Rl = 2. (4.5) 

Therefore, we are at the well know point of gauge enhancement of two geometrical [/(1)g's to SU (3)g- 
We need six gauge fields to realise this enhancement. The gauge fields in the Heterotic string together 
with their quantum numbers are given in Table 2. Note that all states in Table 2 satisfy the level 
matching condition, eq( [4.4|) . 

Having fixed the value for the quantum numbers identifying the gauge bosons we can rewrite the 
formula for their mass, (14. 3|), as in Table 3. 



•^We set = 2 in this section. 
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V 




2 

W 


nil 


m2 


PR 


PL 











Tl 





Tl 





±^^/2 


1 

2 







Tl 


±1 


Tl 








±v/2(f + 1) 


1 
2 





Y5,6 


±1 





±1 


±1 





±V2(f -1) 


1 
2 






Table 2: Additional SU{3) gauge bosons. 



V 


= \Pr\ 


LM 


Y5,6 


\T~U\ 
|1+T([/-1)| 
|1+C/(T-1)| 

2r2^c/2 


2T^U2 = {U -T){U -T) 
2T^U2 = |l + f(C/- l)p 

2T0?72 = |l + [/(T-l)|2 



Table 3: Mass of the SU (3) gauge bosons. 

Furthermore, using the fact that for U = e^^^^ we have U = e"*'^/^ = — e*'^"^ = — e^*'^/^ = — f/^ 
and f/^ — + 1 = 0. We can rewrite the numerators and denominators in the expressions in Table 
3 as follows 



|1 + T(C/-1)| 

|l + f/(T- 1)1 
\1 + TU + T\ 



\{1-U){T-U)\ 

\U{T-U)\ 
\U\U^ + T)\ 



\T-U\ = \T + U' 



|i + c/(r- 1) 



\U\U^ + T)\ 



With this result we can write the mass of the 6 SU (3) gauge fields as in Table 4. All six gauge fields 
become massless as — > [/. 



In F-thcory the K3 surface we are looking for is the one that has the gauge group E^x EsxU{iy 
and such that it depends on only one moduli to have it enhanced to SU{3). Such a surface is given 
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V 


= \Pr\ 


LM 




\T-U\ 
2TUI/2 


2T2U2 = 


|(f -f/)(r + f/2)| 




\{l-U){T-U)\ 
2T^'U2 


2T2U2 


= \U\T + U^)\^ 


Y5,6 


\U(T-U)\ 
2TOU2 


2T2U2 


= |t/(r + f/2)|2 



Table 4: Mass of the additional SU{3) gauge bosons. 



by 

K3 : y'^ + + fx + g = y"^ + + z^{z - l){z - Zs) = 
This surface describes a fibred K3 and the fibre has the discriminant given by 

A = 4/^ + 27/ 
= 27g' 



mz 



(4.6) 



(4.7) 



The points where the discriminant vanishes give the position of 7-branes on S^. For this particular 
expression the gauge group is given by a fibre at and 00 (this point will appear in another 

patch of Sg). And fibre // at 1 and Zg yielding EgX Egxlf (1)^ symmetry, respectively. The important 
point about this K3 is that it depends only on one complex parameter, namely, Zg. The point of 
enhancement to SU (3) is when we have Zg ^ 1 therefore the distance Zg — 1 must be related to the 
expression T° — [/ in the heterotic side. 

In the equivalent Type IIB picture we want to compute explicitly the mass for a {p, g)-string 
stretching between the two points of U{1) gauge symmetry, ie, 1 and Zg (see Fig 2). First a simple 
analysis of the moduli tells us that there are 6 strings that can end on the non-local branes sitting 
at that points. In our conventions these strings are, up to global SL{2,Z) monodromies, V"*"'^ = 
±(1, 0), V^'^ = ±(1, 1) & V^'^ = ±(0, 1). This fixes the tension in the mass formula. The integral 
in the numerator of the mass formula can be rewritten in terms of hypergeometric functions after a 
simple change of variables. We obtain 



|A"T2 



^(_l)5/6(i _ z^)mT[5/6]F2,i[5/6, 5/6, 5/3, 1 
22/3r[4/3] 



(4.^ 
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(1,1) 

Figure 3: Type IIB gauge bosons enhancing x Eg x U{iy ^ E^ x E^ x SU{3). Each blob 
represents one dynamical unit, AC. 



The periods of K3, using eq (|3.6|) , are also expressible in terms of hypergeometric functions. In 



fact, 



Wo 
Wi 



-2(-l)2/VF2,i[l/6,l/6,l,^,])A(e 



iTT/3\ 



2(_l)5/6 



7r(-^,)-i/6F2,i[l/6,l/6,l,-]^(e 



in/3) 



(4.9) 
(4.10) 



Through a non-trivial hypergeometric transformation we can rewrite £ in terms of the periods 
Wi as follows 



vr r]5/3]r[l/6] 



25/3 r[4/3] 



Wo + Wi) 



(4.11) 



Following |]T6| we divide the original expression for the mass, eq( p.3[ ), by the fundamental period Wq 
and use the flat coordinate for K3, Tub = Wi/wq. The result is 



MnB{p,q) 



\{p + Tq){d-'^-TnB) 
\{p + rq){r-TuB)\ 



(4.12) 



Using the (p, q) charges of the strings in Fig. 2 we find complete agreement among the BPS gauge 
fields responsible for the enhancement of Eg x Eg x U{1)q ^ Eg x Eg x SU{3)g in the Heterotic 
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string and Type IIB by mapping 

Uh ^ r 
n ^ Tub 

The overall constants are absorbed in the relation between the metrics of the two theories 
We now consider the case with Wilson hnes turned on. 

b) An example with non-zero Wilson line: 

Eg X Eg X SU(3)g ^ Eg X U(l)^ x d x G2 

In Fig 3 we represent the configuration we will consider in this subsection from the Type IIB per- 
spective. We break one of the E^''s by moving away an integer number of dynamical units. It is not 
necessary to specify in detail what the breaking is at infinity. The elliptic K'i surface equivalent to 
this configuration in Type IIB is given by 

K3 y'^ + + z^{z-l){z- Zs){z- Mf ^Q. (4.15) 

We have put five dynamical units at 2; = forming a E^, one dynamical units aX, z — Zg and another 
one at 2; = 1 forming t/(l)|r. At M we have a block formed by n < 5 dynamical units that have 
moved away from infinity. 




Figure 4: Symmetry breaking. Eg x Eg x SU{3)g Eg x U{1)q x Gi x €2- Where Gi and G2 are 
the gauge groups left unbroken when n dynamical units move away from z — 00. 

As before we want to compute 

1 5 1 1 n 

£= / A-T2 = z-^{z -l)-e{z - Zs)~^{z - M)-^. (4.16) 

15 



(4.13) 
(4.14) 



For the periods we have similarly 

f 1 1 n 

Wo = / z~^{z-iy^[z- Zs^^iz- M)-6 (4.17) 
Jo 

/ z-^z - ly^z - Zs)~Hz - M)-^ (4.18) 

^0 



Wl 



To write C in terms of the periods as we did before it turns out to be convenient this time to 
Taylor expand C and the periods in a series in z/M. We can now write0 

OO .1 

C = Y.Ci{n) z'-l{z-l)-l{z-z,)--^. (4.19) 

where Ci{n) are some numerical coefficients. We also obtain similar expressions for the periods. The 
point is that we can now rewrite the integrand in terms of hypergeometric functions and apply one 
of Kummer's relations to each element in the sum separately as we show in appendix A. It turns out 
that we end up with the following relation among C and the periods 

C = woT- Wl. (4.20) 

Dividing by wq we obtain for the mass formula of BPS states stretching between the 7 branes sitting 
at ^ = 1 and those ai z = z^ 



IIB 



ri[e 3 



\2 



\{p + Tq){r-TnB)\. (4.21) 



where we introduced once again Tub- Note that Tub incorporates all the information on the positions 
of the branes as we move them around very much as Th does with Wilson lines. We start now to 
explore how they are connected. 
Heterotic String Duals 

Consider a smooth modification of the background of the Heterotic string considered before by 
turning on Wilson line moduli. The moduli now becomes 

2 2 2 2 (722 

^ yo + (A9 ■ Aogi2 _ Ao ■ As^ ^ Ao ■ Aq^^ ^^ ^2) 

2 5-22 2 2 g22 



*We present the details in Appendix A 
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Let us assume further that the geometrical moduh remain fixed to their values as in eq( |4.5| ). The 
BPS mass for the SU{3)g states is now given by 

Ml, = ^^l"^8 - Urn, + Tw' + {TU + Z)w^\ (4.23) 

Let us analyse what are the conditions for the SU{?>)g gauge bosons to become massless again. 
We surely expect this to be smoothly related to the Wilson lines parameters. In fact, we have 

i) For V^'^: 

= 0, 7718 = 0, 7779 = . (4.24) 

We have for the mass of this states 

M,, = ,^\m,{U-T)\. (4.25) 

Level matching condition, eq( p.7| ), implies that rrigw^ = 1, ie = ±1 = mg, and this will determine, 
as before, the p charge of the {p, g)-string in Type IIB. Note that T depends on the Wilson line 
parameter now. So to obtain a massless state we must have, T ^ U, or from eg ( [4. 221) 



ii) For V=^'^ 



we obtain for the mass 



Ag ■ Ag = ^ Ag = 

Ag-Ag = 0. (4.26) 



^8 = 77;= -777% mg = (4.27) 



Mh = ^^Jw%l + T-TU-Z)\ 

^J^'\\Z\ ^Z = 0. (4.28) 
Note again that level matching requires = ±1 = ^ tt;^ = =f1. Let's analyse the condition on 



Z. Using U = 63 in eq(|2.11|) we obtain 



Z = ^(Ag ■ Ag + 2Ag ■ Ag - 2A8 ■ As) + ^^(Ag ■ As - ^^^) = 0. (4.29) 
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The imaginary part is equal to zero due to eq( [4.26| ). For the real part we have 

As ■ As = ^ As = 0. (4.30) 
These states become massless only when we turn off the Wilson lines, Ai = 0, as expected. Since in 



this case we are back; to the situation of [|T6[ with the geometrical parameters fixed to their critical 
values. And Finally 
iii) For V^'*': 

= 0, = ms = mg (4.31) 
Level matching requires = ±1 = mg = mg. Their mass is given by 

M, ^^=^ ^^|^g(l_f/ + Tf/-Z)| 



1 



W8||^| = 0. (4.32) 



So for the geometrical parameters fixed to their critical values, 5 = 1, i?^ = (722 = fi'ii = 2 and 
(712 = 1, we see, by comparing eq(4.22) with eq(4.26), eq(4.29) and eq(4.33), that the relative separa- 
tion parameter of the two dynamical units on Type IIB responsible for the geometrical enhancement 
is mapped to the Wilson line moduli by 

Th Tub. (4.33) 

If we now consider the more general case when we allow for the geometrical parameters to be 
different from their critical values the six gauge bosons will become massless again when 

ZTT 

e- = U = T 

1 , .VS gu . .y/g iB Aa-Actgu Ag-As. .y/g , Ag-Ag. , . 
— \- 1 = \- 1- — = ( 1 j + t- — (1 H ) (4.34) 

2 2 g22 g22 2 2 g22 2 2 g22 

If we were to turn on a Wilson line and still keep the SU{3)g symmetry we would have to tune the 
geometrical parameters such that the critical values would be shifted as follows 

B = 1 + Ag.As-^^ (4.35) 

„o Aq ■ Aq , ^ 

Rl = 2 ^. (4.36) 
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Note that the constraints in Z, eq( [4.28| ), would still be in place but now in the more general form 

Ao-As = (4.37) 

Ag-Ag = Ag-Ag. 

We have shown that by introducing the parameters U and T as in eq( p.l(]| ) and by writing the 
Heterotic mass formula as in eq( 2.13|) the map between Heterotic string BPS states and their duals 



in Type IIB theory are immediately obtained, eq (|4.33| ). In the next section we extend this analysis 
to the other non-trivial branch of constant coupling in Type IIB theory. 



4.2 Branch II - r = i 

For branch II, f ^ & g = —>■ t = i, and there are 5 complex degrees of freedom. In fact, 
f{^) is a polynomial of degree 8 and we have to mod out the 5*^(2,0) symmetry. The 24 branes 
join up forming 8 groups with two mutually local branes and a non-local one. In our conventions 
a dynamical unit is (A AC). In general, we have SU{2Y gauge group. The other possible gauge 
groups are 



SU{2f E7 X SU{2f EjxErX SU{2f 

S0{8) X SU{2Y E7 X S0{8) x SU{2)^ Ej x E7 x S0{8) 

S0{8f X SU{2)^ Ej X S0{8f x SU{2) 
S0{8f X SU{2f 
S0{8y 



Therefore, we see that in Branch II we have two basic gauge enhancements depending on how 
many dynamical units collide at the same point. We have 



{SU{2) X U{l)f S0{8); k {SU{2) x U{l)f 
The mass for BPS (p, g)-strings in this branch is given by 



7]{lf 


/rf;2|A(2)(-i/i2)| 


A{i) 


|/^^rfzA(z)(-i/i2)| 



E, 



(4.38) 



(4.39) 
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Let us consider the map of IIB theory in Branch II to the Spin{32)/Z2 Heterotic String on T^. 
It is convenient to start with the following Wilson lines: 

W9 = (0^;^%^;0^;^V (4.40) 

These Wilson hnes break the gauge group to S0{8y. The semicolon separation will become clear 
below. 

As part of our duality map we set as before 

Uh ^ T. (4.41) 

In the Heterotic side this implies that 

U,^^-^ + i^^r^i. (4.42) 
fl'99 fl'99 

This fixes two of the geometrical moduli, namely, gs9 — and gss — Qm — B?- This is why in our 
redefinition of the geometrical parameters in Heterotic string with Wilson lines we left Uh unchanged 
so that this mapping remains the same. 

We analyse the map between the Heterotic and type IIB theories in two examples. Both examples 
correspond to a one-parameter family in the respective moduli spaces. 

Once we define a one-parameter family in the Heterotic theory we present a one-parameter family 
in the Type IIB theory that we argue is the dual family. There is, obviously, an infinity number 
of one-parameter families in a 5 dimensional space as the moduli space we are dealing with here. 
Nevertheless, we manage to identify one potential family in the Type IIB theory. The condition for 
this family to be the dual family of the one in the Heterotic theory is that they both have the same 
pattern of gauge enhancements taking place in dual points in the moduli spaces. And the fact that 
the mass of BPS gauge bosons are the same every where in moduh space. We verify this to be the 
case in both examples we consider. We then write explicitly the duality map between the moduli of 
the two theories. 

We start with the enhancement: 
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a) (SU(2) X U(l))2 X 80(8)=^ ^ x SO(8) 



To achieve this enhancement we have to move in the Wilson hnes moduh space by adding to the 
Wilson lines above the following pieces 



As 
A9 



W8 + (0^0^;a^02;0^) 
W9 + (0^0^0^a2;0^) 



(4.43) 



where a is a real positive parameter. It is immediate to see that the effect of the perturbation is 
to break the third SO (8) (3), ie, the one occupying the third block of four slots in the lattice vector 
above, to {SU{2) x ?7(l))(i) x {SU{2) x f/(l))(2). We anticipate the map with type IIB by picturing 
this breaking in Fig 4. 



SO(8) 



S0(8) 



8 



SO(8) 
(a) 



SO(8) 



SO(8) 



SO(8) 



(1/2-a) 

o SU(2)xU(l) 



(l/2-a) 



SU(2)xU(l) 



SO(8) 



(b) 



Figure 5: Symmetry breaking in Branch II. Each blob represents one dynamical unit AAC. a) 

S0{8f h){SU{2) X f/(l))(i) X {SU{2) x f/(l))(2) x S0{8f 

Note that for a = i we have {SU{2) x f/(l))(i) ^ S0{4)(i) and similarly {SU{2) x f/(l))(2) ^ 
S'0(4)(2) since the following vectors become massless (we will concentrate on one of the enhancements 
to Ej only since the process is identical for both) 



QW = ±(0^0^+1,+1;02;0^). 



(4.44) 



We also have states in the vector representation of S'0(4)(i) x S'0(8)(i) becoming massless when 
a = 1/20 

Q(2) = (±1^; 0^; ±1^; 0^; 0^) = (8,; 1, 4; 1; 1). (4.45) 
P P 



^Here p stands for all permutations within the bracket 
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These gauge bosons enhance (S'0(4)(i) xS'0(8)(i)) S'0(12)(i). Analogously, we also have (S'0(4)(2)X 
<S'0(8)(4)) S'0(12)(2). The mass of this states as they approach a = | are listed in Table 5. 

If this model is to represent a configuration of branes in Type IIB in Branch II there can not be 
a S'0(12). But we are not finished yet. We have to check the states with winding numbers. 

If we rewrite the expression for the heterotic momenta using Uh = i we can write for the massQ, 
eq(P), 

Ml = Pfn = iPs - (^?88«^' - Bw')-;fg''^ + (pg - {g^^w' + 5^^)^)^/^ (4.46) 

(X a' 

and using g^^ = ggg/g = l/g^^ = R-^ = g^^ we write 

Ml = Pf^ = {ps - {RV - Bw')^fR-^ + (p9 - + Bw')^fR-' (4.47) 

a a 

For massless states we must have 

Ps = {{R^'w^ - Bw^)^) (4.48) 

a 

1 



P9 = (i?W + 5u;^)— ) (4.49) 

a' 

Substituting this in the formula for level matching condition for gauge bosons, = 4/a', we 
obtain ^ 

R%w'f + {w'f) = a'il - 1) (4.50) 

This equation requires that we have < 2. Defining A = g + A, A G F^^ such that A^ is smallest. 
We obtain ^ 

R^iw"")^ + {wy) =a'{l-^) (4.51) 

We separate the winding states in odd and even values for the sake of the analysis. Furthermore, 
it is easy to see that for odd winding numbers only = ±1 contribute with massless states. For 



w 



±1 and = we obtain q = Q ± (0^ 0^; (i)^). Choosing[] 



Q = T((±i)^;(^)^(±^)^;(^)^;(^)^) (4.52) 



(e# -) 



^This is basically two copies of the 9 dimension case reviewed in ||24[| . 

^Where (e ^ -) stands for an even number of minus signs in the permutations. 
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we obtain 

These are the spinors 32±i of S'0(12)(i). The subscript is the f/(l)^9 charge associated to winding 
along x^-direction. This gauge vectors become massless at the critical radius = ^. It turns out 
that it is convenient to write the spinors in terms of the gauge groups S'0(8)(i) x {SU{2) x f/(l))(i), 
ie, 32-1-1 = (8s; 1; 1; 1; l)_|_i + (8c; 1; 2; 1; 1). For even winding numbers, only = ±2 contribute. 
In this case we take Q = ±(0^; (1)^ 0^; (1)^) and = 0, these are singlets, (1, 1, 1, 1, 1)±2- These 
singlets become massless at the same radius as the spinors. So for Rl = ^ the spinors and singlets 
enhance S'0(12)(i) x [7(1)^^,9 to Ej^\ Analogously, gauge fields with quantum numbers = and 
= ±1,±2 enhance ^0(12)(2) x f/(l)^8 to E^^K 

Note that from eq( [4.48| ) when = and = ±1, ±2, as above, we have a constraint in the 
value of the anti-symmetric field B. A straight forward analysis^ of that equation shows that we 
must have B G 2Z (this only fixes B up to an SL{2, Z) transformation). Therefore, we choose B = 0. 
This fixes the real part in the mass formula, eq (|2.13|) , as in Table 5. 

Consider now the other two free moduli. We have the Wilson line parameter, a, and the radius, 
= 988 = 999- As mentioned before, we will consider only one-parameter families. So we have to 
fix one of this parameters. We know that when we are at the critical radius as a — 1/2 we obtain 
the enhancements described above. Therefore, we choose the radius to be a function of a so that at 
a = 1/2 we have = = a'/ 4. Of course there are an infinity number of ways of achieving this 
but ultimately we want a match between the masses of BPS states in the dual theories. The analysis 
carried out in Appendix B determines that we set for the specific choice of parameters in the Type 
IIB side to discussed below 

R^ = a\a{l-a)-{^-a)). (4.54) 

It is now possible to write the mass formula for all the BPS states we have been considering in 
this section. We write their mass in terms of the mass formula, eq (|2.13|) . The results are summarised 
in Table 5. 
Type IIB duals 

In type IIB theory starting from an 5*0(8)^ configuration we move the two dynamical units 
forming one of the S'0(8)s in perpendicular directions toward two S'0(8)s (see Fig. 4). As each 
^In Appendix B we present some details. 



23 



Q 




(±(0^0^+l,+l;02;0^) 




(8v;l;2;l;l)o 




(8v;l;l;l;l)±i 




(8e;l;2;l;l)o 


irm-a)\ 


(8s;l;l;l;l)±i 


±\{-l + i){\-a)\ 


(1;1;1;1;1)±2 





Table 5: Additional gauge bosons for -50(8)(i) x {SU{2) x x C/(l)^9 ^ E\ 



(1) 



of the dynamical units approach one of the 5'0(8)s a number of (p, g)-strings will become massless. 
We identify this strings by their symmetry properties and compute their mass near the point they 
become massless. 

For the SU{2) x U{1) in Type IIB we have A AC = BAA. The two vectors in the adjoint of 
SU{2) correspond to the A — > A (l,0)-string with both orientations. The enhancement to 5'0(4) 
occurs when strings (prongs) like the ones in Fig. 6 become massless. They are equivalent to the 
vectors Q^^^ = ±(0^; 0^; +1, +1; 0^; 0^). The ± correspond to orientation. 



• • • • 



(1.0) 
(a) 



(-2,0) 



(b) 



• • • • 



Figure 6: For Q*^-*^) = ±(0''; 0^; 1, 1; 0^; 0"^). In b) we show the string junction equivalent to the string 
going across branch cuts in a). They are connected through a string creation process. 



For the states in the vector representation, Q*^^) = (8v, 1, 4; 1; 1), of 5'0(8)(i) x 5'0(4)(i) we 
separate it in two parts in terms of 5'0(8)(i) x {SU{2) x C/(l)^)(i). One where the permutations 
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have the same signs, Q^^^ = (± +1; 0'^; 0^; +1, 0; 0^; 0^) and the other where the permutations have 



P 



P 



opposite signs, QJ^ = ±(-1; 0^; 0^; +1, 0; 0^; 0^). We identify Q^^) with the strings (prongs) in Fig 6 

P P 

and Qf ^ with Fig 7. 



(1,0) 



O b 



(a) 



Figure 7: Qi^) 



(1,0) 



"cT"^^ • • • 



(1,0) 



• • • 



(a) 



(b) 



Figure 8: For Q^^ . Two equivalent configurations are shown. 



For the spinors we identify = (8c; 1; 2; 1; 1) with the configurations exemphfied in Fig 8. And 
= (8c; 1; 2; 1; 1) is identified with Fig 9. 

We now compute the mass for each of this configurations. The K3 surface equivalent to the 
configuration of branes in Fig. 4 is given by 



K3 : y^ + x^ + x{z^{z-lf{z- Zs)) 



(4.55) 
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(a) 



(b) 



Figure 9: For = (8c; 1; 2; 1; 1). Two equivalent representations of this BPS state are shown in a) 
and b). 



(1,-1) 



0/i •] • 



(a) 



(b) 



Figure 10: For q;, = (8c; 1; 2; 1; 1). The 07-plane (CB) branch cut has been shifted to the right to 
simphfy the drawing. Once again two equivalent configurations are shown. 



We obtain for the integral of the discriminant of this K3 



ir[|]^,i 1 5 



For the periods we obtain 



r[f]^''2' 2' 4' 



(4.56) 



Wo 



1 1 1 1 1 



(4.57) 
(4.58) 
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By means of a non-trivial Hypergeometric transformation we can write 

C — wq-\- iwi 
And we obtain for the mass of a (p, g)-string 



Ait) 



\ip + iq){i){i-TnB) 



(4.59) 



(4.60) 



We can now compare the masses of BPS gauge fields in both theories. The results are summarised 
in Table 6. It is clear that the explicit duality map is given by 



r 

W-Tub) 



(4.61) 



V 




iS^)MnB 


(±(04;0^+h+l;02;04) 
(8v;l;2;l;l)o 
(8e;l;2;l;l)o 
(8s;l;l;l;l)±i 
(1;1;1;1;1)±2 


\m\-a)\ 

m{\-a)\ 


\{2)W-TnB)]\ 

\W-TnB)]\ 
\{i)W-TnB)]\ 
\(-l+^)[^(^-TnB)]\ 
\{2i)W-TnB)]\ 



Table 6: Heterotic-IIB map for the gauge bosons of -SO(8)(i) x {SU{2) x C/(l))(i) x C/(l)^9 E^K 
In the next sub-section we consider the vector bosons responsible for the enhancement of SU (2) x 

b) SO(8) ^ SU(2) X U(l) 

In the previous section we identified the (p, g)-strings configurations that are responsible for the 
enhancement to E-j. To complete the symmetry enhancements possible in the this branch we here 
consider the enhancement {SU{2) x U{1)Y — 5*0(8). We choose, for convenience, to do this through 
£;| X {SU{2) X C/(l)) X {SU{2) x U{1)) E^ x S0{8) (see Fig. 10). We choose to put one of the 
E^y's at z — oo and the other one at 2; = 0. We also put one of the SU{2) xU{l) at z — 1 and the 
other at z — Zs- 
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SO(8) 



E 



z=0 (SU(2)xU(l)) 

o 

z=l ~ 



(SU(2)xU(l)) 



(a) 



(b) 



Figure 11: x (^C/(2) x C/(l)) x {SU{2) x C/(l)) ^ £;| x S0{8) 
The mass of a (p, g)-string stretching from one dynamical unit (AAC) to the other is of the form 



M{p, q) 



— - p + — 

A{i) Wo 



With the configuration above we obtain for the integral of the discriminant 

jC - ^e3"'/^(l - Zs)^^^r[3/4:]''F1, 2(3/4, 3/4, 3/2, 1 - Zs) 

For the K3 periods we obtain 

Wo = e^"/'v^7rFi,2(l/4,l/4,l,z,). 

= e--/^A/27r(-^;V4)^^^2(l/4^1/4^1^1/^^). 

We now use one of Rummer's relations for Hypergeommetric functions to write 

r[i/4i . rfi/4i 

\/27r V27r 



TT 



2r[3/2]r[3/4] 

Therefore we have for the mass of BPS (p, g)-strings in this background 



A{i) 



\{p + iq){i - Tub) 



(4.62) 
(4.63) 

(4.64) 
(4.65) 

(4.66) 
(4.67) 



In the heterotic side we have the vectors below becoming massless to form the Adj of SO{S). In 
the respective figures we draw the (p, Q')-strings we identify as the dual pairs in the IIB side. 

= ±(0^+l,+l,02;0^) or ± (0^; 0^; +1, +1; 0^) ^ Fig. 12 (4.68) 
q(2) ^ ±(0^-l,0;+l,0;0*^) ^ Fig. 13 (4.69) 
Q(3) ^ ±(0^+l,0;+l,0;0^) ^ Fig. 14 (4.70) 
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In Table 7 we list the masses and quantum numbers of this gauge fields in both theories. The 
duality map for the moduli space is given by 

Uh r 

\il + ^)i\-a)\ \t-TnB\. (4.71) 



Q 


m 




p 


Q 


Mi) M 


±(0^+l,+l,02;0«) 


±1 


|(l-i)[(l + i)(i-a)]| 


-1 


1 


\{l-t){t-TnB)\ 


±(o^o^+l,+l;o«) 


±1 




-1 


1 


\(l-i)(i-TnB)\ 


±(0^+l,0,+l,0;0«) 









1 


\mi-TnB)\ 


±(0^,-1, 0,+l,0;0«) 





m+in-a)]\ 


1 





\{i-TiiB)\ 



Table 7: BPS gauge fields enhancing {SU{2) x U{1)) x {SU{2) x U{1)) S0{8) in the Heterotic 
and IIB. Also mg = mg = m and = = w = 0. 



(0,1) 



• O 




(1,0) 



(b) 



Figure 12: Q(^) for {SU{2) x C/(l)) x (5C/(2) x U{1)) SO{8). Two equivalent configurations are 
shown. 



5 Conclusion 

In this paper we have analysed the duality between the Heterotic string in 8 dimensions and Type 
IIB theory in the base space of an elliptically fibred K3. The duality map between the relevant BPS 
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Figure 13: Q^^) for {SU{2) x [/(I)) x {SU{2) x U{1)) S0{8). 



(0,1) 




Figure 14: Q^^) for {SU{2) x U{1)) x {SU{2) x C/(l)) ^ 50(8). 

states was given in detail in the branches of moduh space of Type IIB with constant couphng. 

In Type IIB the flat coordinate, Tub — Wq/wi, defined in terms of the periods of the underlying 
K?, geometry encompasses all the information on the position of the 7-branes in the background 
when the elliptic fibre has constant complex structure. It is therefore the natural coordinate to be 
used when analysing the map with Wilson lines on the Heterotic string side. In fact, redefining the 
Kahler structure of the torus, T^, in the Heterotic theory to include information on the Wilson lines. 
We have found that it becomes the natural coordinate to account for the effects of Wilson lines to 
the mass of BPS states. 

For the the case of the Spin{?>2) / Z2 Heterotic string the masses of BPS states for specific values 
of the Wilson hues were analysed in detail. In particular, we considered the enhancements: SO{%) x 
SU{2) X U{1) X U{1)g Ej and {SU{2) x U{l)f x SO{%). In both cases we identified the dual BPS 
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string junctions responsible for the enhancement on the Type IIB side and computed their masses 
finding complete agreement between the two sets of states. 

It would be interesting to consider the case with non constant coupling in Type IIB. Work in this 
direction is under way. 
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A Generalising The Hypergeometric Relation Among wq 
and Wi. 

Several times in this paper we had to rewrite the distance C in terms of the periods of K3. In 
most cases when we have only four groups of dynamical branes in we can rewrite the integrals in 
terms of hypergeometric functions. It turns out then that the integrals in this form are related by 
means of the Kummer's relations[^. However, when the blocks break apart and we have more then 
four points in the sphere we cannot write then as hypergeometric functions anymore. Nevertheless, 
we show that by Taylor expanding the integrand we can write the integrals as a sum of integrals 
that in turn can be related to hypergeometric functions. We can then apply Kummer's relations to 
each element of the sum in separate and sum up the series again to obtain the relation we look for. 
This generalises the hypergeometric relations to a more general set of integrals. In this appendix we 
present the details of this calculations for the configuration considered in Section 4.1. 
We start with the length of the string stretched from z = 1 and z = Zs 




(A.l) 
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we now Taylor expand (z — M) « as 



i[n z 



(A.2) 



where Ci{n) are standard numerical coefficients. If we now plug this back in eq (|A.l|) we have 



1=0 ^= 



Z (i(z — l) <i(z — Z.) 6. 



(A.3) 



This integral can be written in terms of hypergeometric functions by doing a simple change of 
variables, ie, z ^ {z — Zs)/{1 — Zg). We obtain 



L -l^Ci[n) _^i<2^,^_, (_ _ 



1=0 



(A.4) 



Similarly, we obtain for the periods, eq(4.17) and eq(4.18) 



Wo 



Wi 



1=0 



oo 
1=0 



iW6 r[|]r[| + /] 



-1 ,1 



(A.5) 
(A.6) 



Using the following Kummer relation 25 



DO 3 



ril] 



r[i + /] '^6' 6 ' ^ ' ^ 

^..5/6 r[i]r[| + /] . 1 i + ; 1 + ^ 1]_ 
r[i + /] ^ ^ ^'^^6' 6 ' 



we can write each element in the series representation of C in terms of the respective elements in the 
series representation of wq and wi. Plugging this result back in the sum, eq (|A.4|) , and reexpressing 
the sum in its closed form, we arrive at the desired relation among C and Wq and Wi, ie. 



C = TWq — Wi. 



(A.7) 



It is clear that this procedure can be applied to any distribution of the dynamical units on the 
sphere by Taylor expanding an appropriate number of terms in the expression for C, wq and wi. 
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B Fixing Moduli in Branch II 



In Section 4.2 the first example of gauge enhancement in Branch II to be analysed was S0{8Y x 
{SU{2) X Ej X 5*0(8). To obtain this enhancement the following Wilson lines were turned 

on 

As = (^',^%,a,02,0^) (B.l) 

A, = (0^i%^a,a,^') (B.2) 

with a = and a = 1/2 being the critical values for the Wilson lines parameter. This was enough to 
determine the masses of BPS gauge bosons transforming in the vector and adjoint representations 
of the gauge groups. With this information we fixed part of the map with the BPS states on the 
Type IIB theory. We saw also that to obtain the full gauge enhancement we needed BPS states 
transforming in the spinor and singlet representations of the gauge groups. However, for these states 
to become massless we need to tune not only the parameter in the Wilson lines but the geometric 
moduli as well. We want to determine the value of the geometric moduli, R and B, such that the 
masses of the BPS states responsible for the enhancement above match with those in Type IIB. We 
will concentrate in three specific examples of gauge fields here. The quantum numbers of these states 
will be given explicitly. The results easily generalise to all other states. 

We will concentrate on the spinor with quantum numbers = +1 and = 0. And the singlet 
with quantum numbers, = +2 and = 0. The other quantum numbers will be determined 
below. 

Recall that the critical radius was, eq(4.53), determined in terms of 

A=(±^%^±^',a-i (B.3) 

as Rl/2 = 1 — A^/2 = a(l — a). Was the radius to be set in this form we would have the spinors 
and singlets all massless for all values of a. However this would generate enhancements that have no 
equivalent in Branch II on Type IIB. But we know that when a = 1/2 we must have the appropriate 
enhancement. One way to guarantee that this is the case is to set = 1/4. But it turns out that 
this choice does not give the right expression for the masses of the spinor and singlets. This means 
we would be specifying a one-parameter family with the right gauge enhancements but not the dual 

^In this section a'^ ~ 2. 
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family of the BPS states we identified on Type IIB. The masses of BPS states on both sides must 
match as well as the gauge enhancement pattern. 

To obtain the correct BPS masses in the Heterotic theory we impose the condition that it matches 
the ones on Type IIB. This will fix it! and B. 

The analysis naturally separate in two parts. The real part of the mass formula depends on B 
and a only. The constraint described above will fix B in terms of a. The imaginary part depends on 
the radius, it!, and a only. The match with the mass formulas on type IIB fixes the relation between 
the two moduli. The imaginary part is given by 

Im{Mh) ^mg-Ag-Q- w^'i^ + (1 + a^)). (B.4) 



where we used 



2 

i?2 



Im{T) = Y + f ^^-^^ 



2 +(! + «')■ (B-6) 



For the real part we obtain 



where 



fle(AfO=m8-yl8-Q + »»(|-i). (B.7) 



Mr) = (B.8) 



2 

B 1 
2" ~ 2' 



(B.9) 



Now we require that the imaginary part of the masses for both the spinors and singlets to be 
equal to (1/2 — a) in order to agree with the map for the vectors as in Table 6. We choose three 
specific BPS gauge bosons to carry out the analysis explicitly. The results can be easily extended to 
all other gauge fields. The representatives we choose are 

Q' = (o^-l^o^-l6)e (1,1,1,1,1) (b.io) 

i4 ^4 i2 1% 

= (+2 ' -2 ' +2 ' - 2 ^ ^ ^' ^' ^' ^^-^^^ 
^ = (+2' ~2 ' ~2 ' +2' ~2' ~2 ^ ^ ^' ^' ^' ^^-^^^ 
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First of all we see from eq(B.5) that for this gauge bosons to be massless at a = 1/2 we must 
have mg = — 1 for the spinors and mg — —2 for the singlet. Furthermore, requiring agreement with 
the imaginary part of the masses on the Type IIB theory we obtain 



— = 2a 
2 



2 = T-(2-")- 



(B.13) 



This fixes the radius as a function of the Wilson line parameter. 
The requirement that the real part is as in Table 6 yields for B 



Re{Mh){Q') ^ ms + B 
Re{Mh){Q'') -- 



= 



(mg - 1 + -] 



Re{Mh){Q^) = (m8 + l + 



B^ 



0. 



(B.14) 
(B.15) 
(B.16) 



These equations imply that B e 2Z. We choose B = Q (up to SL{2, Z) transformations). The mg 
quantum number for the representatives as well as the expression for the real part of the masses 
away for a = 1/2 are also fixed. We summarise the results in table 8. 



Q 


ms 


mg 




9 

W 


ReiMh) 


Im{Mh) 


Q' 





-2 





2 







Q' 


1 


-1 





1 






Q' 


-1 


-1 





1 








Table 8: The quantum numbers and masses of the singlet and spinor representatives. 
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